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Abstract 

We introduce equivariant twisted cohomology of a simplicial set equipped with simpli- 
cial action of a discrete group and prove that for suitable twisting function induced from 
a given equivariant local coefficients, the simplicial version of Bredon-IUman cohomology 
with local coefficients is isomorphic to equivariant twisted cohomology. The main aim of 
this paper is to prove a classification theorem for equivariant simplicial cohomology with 
local coefficients. 
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1 Introduction 

For any abelian group A and natural number q, the q*'' Eilenberg-MacLane simplicial set 
K{A, q) represents the q^^ cohomology group functor with coefficients in A in the sense that 
for every simplicial set X, there is a bijective correspondence [4] 

H^X;A)^[X,KiA, q)]. 

This classification results have been generalized for cohomology with local coefficients in 
[TU] . [5], In this classification the generalized Eilenberg-MacLane complex L^(A,(7) [S] 
plays the role of the classifying complex, where the local coefficients system on X is given by 
an action of tt Tri{X) on A. The complex L-j^iA^q) appears as the total space of a Kan 
fibration L.^{A,q) — > Wtt, where Wtt denotes the standard W-construction of tt [12]. The 
fibration may be interpreted as an object of the slice category S/Wtt, where S denotes the 
category of simplicial sets. There is a canonical map 9 : X —i' Wtt and the classification 
theorem states that the cohomology classes in the g*'' cohomology with local coefficients of X 
correspond bijectively to the vertical homotopy classes of liftings of 6. 

The aim of this paper is to prove an equivariant version of the above classifying result. 
We first describe a simplicial version of Bredon-IUman cohomology with local coefficients [13] . 
Next we define equivariant twisted cohomology of a simplicial set X equipped with simplicial 
action of a discrete group G, where twisting in this equivariant context appears as a natural 



The second author would like to thank CSIR for its support. 
Mathematics Subject Classifications (2000):55U10, 55N91, 55N25, 55R15; 55R91, 55R15, 57S99. 



transformation from the Oc-simplicial set [5], to the category of Oc-group complex, Oq 
being the category of canonical orbits of G [2]. We then prove that for a suitable twisting, 
induced from a given equivariant local coefficients on X, the simplicial version of Bredon-Illman 
cohomology with local coefficients of X is isomorphic to the equivariant twisted cohomology 
of X. 

Finally, we construct a contravariant functor from Og to the category of Kan complexes 
which assigns to each object G/H of Og a generalized Eilenberg-MacLane complex, which will 
be called the generalized Oc-Eilenberg-MacLane complex and use it to prove the classification 
theorem. We refer [Tl], for a classification result of Bredon cohomology of simplicial sets 
equipped with a group action. 

The paper is organized as follows. In Section 2, we recall some standard results and fix 
notations. In Section 3, we introduce the notion of fundamental groupoid and local coefficients 
system on a simplicial set equipped with simplicial action of a discrete group and define the 
notion of twisting in the equivariant context. In Section 4, we define the simplicial version 
of Bredon-Illman cohomology and equivariant twisted cohomology and show that under some 
connectivity assumptions they are isomorphic. In Section 5, we use a functorial construction of 
the generalized Eilenberg-MacLane complexes to obtain the generalized Oc-Eilenberg-MacLane 
complex and prove the main classification results. 

2 Preliminaries on G-simplicial sets 

In this section we set up our notations, introduce some basic definitions and recall some stan- 
dard facts. 

Let A be the category whose objects are ordered sets 

[n] = {0 < 1 < • • • < 7i}, n>0, 

and morphisms are non-decreasing maps / : [n] — [to]. There are some distinguished mor- 
phisms (f : [n — 1] — > [n],Q < i < n, called cofaces and : [rt + 1] — > [n], < i < n, called 
codegeneracies, defined as follows: 

d\j) = j, j < i and d'{j) =j + l,j>i, (n > 0, < i < n); 

s"{j) = j, j < i, and s'{j) ^j-l,j>i, {n > 0, < i < n). 

These maps satisfy the standard cosimplicial relations. 

A simplicial object X in a category C is a contravariant functor X : A — > C. Equivalently, 
a simplicial object is a sequence {X„}„>o of objects of C, together with C-morphisms di : 
Xn — y Xn-i and Si : X„ — > Xn+i, l£ i l£ n, verifying the following simplicial identities: 

didj = dj-idi, diSj = Sj-idi, if i < j, 

diSj = Sjdi-i, i>j + l; s^sj ^ Sj+iSi, i<j. 

A simplicial map / : X — > Y between two simplicial objects in a category C, is a collection of 
C-morphisms /„ : Xn — Yn, n > 0, commuting with di and Si. 
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In particular, a simplicial set is a simplicial object in the category of sets. Throughout <S 
will denote the category of simplical sets and simplicial maps. 

For any n-simplex x G X„, in a simplicial set X, we shall use the notation d{ii,i2,--- ,ir)^ to 
denote the simplex di^di^ ■ ■ ■ di^x obtained by applying the successive face maps di^_^ on x, 
where < ir-k < n — k, < k < r — 1. 

Recall that the simplicial set A[n], n > 0, is defined as follows. The set of g-simplices is 

A[n]g = {(flo, fli, flg); where Oj G Z, < ao < ai <....< Uq < n}. 

The face and degeneracy maps are defined by 

di{ao, flg) = (ao, .., a^-i, Oi+i, Uq), Sj{ao, Uq) = {qq, .., ai, Ui, .., Uq). 

Alternatively, the set of fc-simplices can be viewed as the contravariant functor 

A[n]([fc])= HomA([fc], [n]), 

the set of A-morphisms from [k] to [n]. The only non-degenerate n-simplex is id : [n] — > [n] 
and is denoted by A„. In the earlier notation, it is simply, A„ ~ (0, 1, • • • , n). 

It is well known that if X is a simplicial set, then for any n-simplex x G X„ there is a 
unique simplicial map x : A[n] — > X with x(A„) = x. Often by an n-simplex in a simplicial 
set X we shall mean either an element x G Xn or the corresponding simplicial map x. 

We have sinplicial maps 5i : A[n — 1] — >■ A[n] and di : A[n + 1] ^ A[n] for < i < n 
defined by (5i(A„_i) = 9i(A„) and tTi(A„+i) = Si(A„). The boundary subcomplex 9A[n] of 
A[n] is defined as the smallest subcomplex of A[n] containing the faces 5jA„, j = 0, 1, ...,n. 
The k-th horn of A[n] is the subcomplex of A[n] which is generated by all the faces 9iA„ 
except the k-th face 9fcA„. 

Definition 2.1. Let G be a discrete group. A G-simplicial set is a simplicial object in the 
category of G-sets. More precisely, a G-simplicial set is a simplicial set {Xn;di,Si,0 < i < 
n}n>o such that each X„ is a G-set and the face maps di : X„ — y Xn-i and the degeneracy 
maps Si : X„ — > Xn+i cormnute with the G-action. A map between a G-simplicial sets is a 
sim,plicial map which commutes with the G-action. 

Definition 2.2. A G-simplicial set X is called G -connected if each fixed point simplicial set 

X^ , H C G, is connected. 

Definition 2.3. Two G-maps f,g : K ^ L between two G-simplicial sets are G-homotopic if 
there exists a G-map F : x A[l] — >• L such that 

F o {idx di) = f, F o{idx 6o) = g. 

The map F is called a, G-homotopy from f to g and we write F : f ~g g. If i : K' C K 
is an inclusion of subcomplex and, /, g agree on K' then we say thai f is G-homotopic to g 
relative to K' if there exists a G homotopy F : f ~c g such thai F o [i x id) = a opn, where 
a = f\'j^ = g\'j^ and pri : K' x A[l] — > K' is the projection onto the first factor. In this case 
we write F : / ~g g{rel K'). 

Definition 2.4. A G-simplicial set is a G-Kan complex if for every subgroup H C G the fixed 
point simplicial set X^ is a Kan complex. 
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Remark 2.5. Recall (fJ^, J^) that the category GS has a closed model structure fWj . where 
the fibrant objects are the G-Kan complexes and cofibrant objects are the G-simplicial sets. 
From this it follows that G-homotopy on the set of G-simplicial maps K L is an equivalence 
relation, for every G-simplicial set K . More generally, relative G-homotopy is an equivalence 
relation if the target is a G-Kan complex. 

We consider G/H x A[n] as a simplicial set where {G/H x A[n])q = G/H x {A[n])q with 
face and degeneracy maps as id x di and id x Si. Note that the group G acts on G/H by 
left translation. With this G-action on the first factor and trivial action on the second factor 
G/H X A[n] is a G simplicial set. 

A G-simplicial map a : G/H x A[n] — >■ X is called an equivariant n-simplex of type H in 

X. 

Remark 2.6. We remark that for a G-simplicial set X, the set of equivariant n-simplices in 
X is in bijective correspondence with n-simplices of X^ . For an equivariant n-simplex a, the 
corresponding n-simplex is a' = a{eH, An). The simplicial map A[n] — X^ , A„ i— >■ a' will 
be denoted by W. 

We shall call a degenerate or non-degenerate according as the n-simplex cr' G X^ is degen- 
erate or non-degenerate. 

Recall that the category of canonical orbits, denoted by Og, is a category whose objects 
are cosets G/H, as H runs over the all subgroups of G. A morphism from G/H to G/K is a 
G-map. Recall that such a morphism determines and is determined by a subconjugacy relation 
g~^Hg C K and is given by g{eH) — gK. We denote this morphism by ^ [2]. 

Definition 2.7. A contravariant functor from Oq to S is called an Oc-simplicial set. A map 
between Oq -simplicial sets is a natural transformation of functors. 

We shall denote the category of Oc-simplical sets by OaS. 

Definition 2.8. Given two maps T, S : X — > Y of Oq -simplicial sets, a homotopy F : T :^ S 
is defined as follows. Let X x A[l] be the OQ-simplicial set, G/H M> X{G / H) x A[l]. Then a 
homotopy F : T S is a map F : X x A[\] — > Y of OQ-simplicial sets such that for every 
object G/H in Oq, F{G/H) is a homotopy T{G/H) ~ S{G/H) of simplicial maps. 

The notion of Oc-groups or Oc-abelian groups has the obvious meaning replacing S by 
Qrp or Ab. 

If X is a G-simplicial set then 

X{G/H) := X", Xig) = 9^. ^ e X" , g-^Hg C K 

is an Oc-simplicial set. This Oc-simplicial set will be denoted by ^X. 

For a G-simplicial set X, with a G-fixed 0-simplex v, we have an Og-group nX defined as 
follows. For any subgroup H oi G, 

tlX{G/H) ■.= TTl{X",v) 

and for a morphism g : G/H — > G/K, g~^Hg C K, ]£_X{g) is the homomorphism in 
fundamental groups induced by the simplicial map g : X^ — > X^ . 
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Definition 2.9. An Oa-group tt is said to act on an Oc-simplicial set (group or abelian 
group) X_ if for every subgroup H C G, IliG/H) acts on X{G/H) and this action is natural 
with respect to maps of Og ■ Thus if 

(f>{G/H) : 2l{G/H) x X{G/H) X{G/H) 

denotes the action ofjiiG/H) on X_{G/H) then for each subconjugacy relation 

^{G/H) o {n{g) x X{g)) = Ug) ° <I>{G/K). 

3 Equivariant Local Coefficients and Twisting Function 

In this section we introduce the notion of fundamental groupoid of a G-simphcial set X and 
define the notion of (equivariant) local coefficients system on X and discuss a method of 
generating local coefficients system from an abelian Og-group equipped with an action of the 
Oc-group TiX. At the end of this section we introduce the notion of twisting function in the 
equivariant context. 

We begin with the notion of fundamental groupoid. Recall [9] that the fundamental 
groupoid ttX of a Kan complex X is a category having as objects all 0-simplexes of X and 
a morphism x — > y in ttX is a homotopy class of 1-simplices lo : A[l] — > X rel 9A[1] such 
that uj o So — y, o Si — X. If represents an arrow from x to y and loq represents an 
arrow from y to z, then their composite [ujq] ° [1^2] is represented by o Si, where the simpli- 
cial map fl : A [2] — > X corresponds to a 2-simplex, which is determined by the compatible 
pair (wq, jWj). For a simplicial set X the notion of fundamental groupoid is defined via the 
geometric realization and the total singular functor. 

Recall that an equivariant n-simplex of type H, H being a subgroup of G, is a G-simplicial 
map tr : G/i? X A[n] — > X. Each such a corresponds to an n-simplex a' G X^ and 'a : 
A[n] — > X^ is the simplicial map given by ct(A„) ^ a' = fT(e_ff, A„). Suppose xh and yK 
are equivariant 0-simplices of type H and K, respectively, and g : G/H ^ G/K is a morphism 
in Og, given by a subconjugacy relation g~^Hg C K, g € G, so that g{eH) — gK. Moreover 
suppose that we have an equivariant 1-simplex : G/iJ x A [1] —!> X of type H such that 

(j) o (id 5i) — Xh, </> ° {id x (5o) = hk ° (5 x id). 

Then, in particular, (f>' is a 1-simplex in X^ such that di4)' = x'^ and 9o0' = gUx- Observe 
that the 0-simplex gy'j^ in X^ corresponds to the composition 

G/H X A[0] ^^'^ G/K X A[0] ^ X 
and is a G- homotopy xh —g Vk ° (.9 x id)- 

Definition 3.1. Let X be a G-Kan complex. The fundamental groupoid YIX is a category with 
objects equivariant 0-simplices 

Xh : G/H x A[0] ^ X 

of type H , as H varies over all subgroups of G. Given two objects xh and yx in IIX , a 
morphism from xh — > yK is defined as follows. Consider the set of all pairs [g, (p) where 
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g : G/H — > G/K is a morphism in Oq, given by a subconjugacy relation g ^Hg C K , g E G 
so that g{eH) = gK and (p : G/H x A[l] X is an equivariant 1-simplex such that 

(p o [id X Si) ~ xh, (t> o {id x 6q) — yx ° (ff x id). 

The set of morphisms in IIX from xh to yx is a quotient of the set of pairs mentioned 
above by an equivalence relation ' ~ where {gi,(f)i) ^ {g2,4'2) if emd only if gi — g2 — g 
(say) and there exists a G-homotopy <I> : G/H x A[l] x A[l] — y X of G-homotopies such 
that $ : 01 ~Q (j)2 (rel G/H x 9A[1]J. Since X is a G-Kan complex, by Remark \2.5l ^ is an 
equivalence relation. We denote the equivalence class of{g,(f>) by [g,(l3\. The set of equivalence 
classes is the set of morphisms in IIX from xh to yx- 

The composition of morphisms in HX is defined as follows. Given two morphisms 

[91, 0i] [92,02] 

XH VK ZL 

their composition [g2,4'2] ° [ffii^i] is [3152, "0] ■ — > z^, where the first factor is the compo- 
sition 

G/H — ^ G/K G/L 

and ip : G/H x A[l] — > X is an equivariant 1-simplex of type H as described below. Let x 
be a 2-simplex in the Kan complex X^ determined by the compatible pair of 1-simplices {xq = 
ai02,ii,X2 = ip'i) so that Oqx = gicj)^ and d2X = (!>[. Then ip is given by 'ip{eH,Ai) = dix. 

For a version of fundamental groupoid of a G-space, we refer [13j and [11) . 
The following lemma shows that the composition is well defined. 

Lemma 3.2. The equivalence class of (gigijtjj) does not depend on the choice of the represen- 
tatives of[gi,(f>i] and [g2,(f>2]- 

Proof. Suppose [gi,(t)i] — [gi,Xi], i — 1,2. Then there exist G-homotopies 9^ : (pi c^g K 
(rel G/H x 9A[1]) for i — 1,2. Let y be a 2-simplex in X^ determined by the compatible 
pair (jjQ — 5iA2,yi,j/2 — ^i) as described above so that doy = giX2 and d2y = X'l. Let 
^ : G/H X A[l] — > X be the equivariant 1-simplex determined by ^{eH, Ai) — diy. We need 
to show that (3152, "0) ~ {9192, 0- Observe that 9i : 0j ~ Ai (rel 9A[1]) for i = 1,2. Now 
consider the right lifting problem 

(17,^.61 ,©2) 

(A[2] X dA[l]) U (A? X A[l]) • X" 



A[2] X A[l] * 

where in the above diagram, the right vertical arrow is a fibration and the left vertical arrow 
is an anodyne extensions. Therefore the the above right lifting problem has a solution F : 
A[2] X A[l] — > X^ and the composition of F with 

Sixid: A[l] X A[l] ^ A[2] x A[l] 



6 



is a homotopy from V' - C> (rel dA[l]). Let F -.G/H x A [2] x A[l] — ^ X be the G-simplicial 
map determined by F{eH,s,t) — F{s,t). Then the composition 

G/H X A[l] X A[l] ''^''-^■''^ G/H x A[2] x A[l] 4 X 

is a G- homotopy ip —a C (I'^l G/H x dA[l]). As a consequence, 

[5152,-0] = [5152, C]- 

□ 

Observe that if X is a G-simphcial set then S\X\ is a G-Kan complex, where for any 
space Y, SY denotes the total singular complex and for any simplicial set X, \X\ denotes the 
geometric realization of X. 

Definition 3.3. For any G-simplicial set X, we define the fundamental groupoid IIX of X by 

nx := us\x\. 

Remark 3.4. // G is trivial then HX reduces to fundamental groupoid nX of a simplicial set 
X. Again, for a fixed H, the objects xh together with the morphisms xh Vh with identity 
in the first factor, constitute a subcategory of IIX which is precisely the fundamental groupoid 
ttX^ of X^ . Moreover, a morphism [g, 0] from xh to yx, corresponds to the morphism [0] 
in the fundamental groupoid ttX^ of X^ from x'^ to ay'j^, where (f> is as in \2.6\ Suppose ^ 
is a morphism in nX^ from x to y given by a homotopy class \uj], where ZJ : A[l] — >■ X^ 
represents the 1-simplex in X^ from x to y. Let xh and ya be the objects in nX^ defined 
respectively by 

xnieH, Ao) = x, yniaH, Ao) = y. 

Then we have a morphism [id^Lo] : xh — > yH in liX , where w(eiJ, Ai) — ZU(Ai). We shall 
denote this morphism corresponding to ^ by b^. 

Definition 3.5. An equivariant local coefficient system on a G-simplicial set X is a contravari- 
ant functor from nX to the category Ab of abelian groups. 

Example 3.6. Let X be a G-simplicial set and n>L For any object xr in nX, define 
M{xh) — T^niX^ , X H {eH}) and for any morphism [g, 0] ; xh — > yK define 

M([g,0]) = ([0])*o7r„(.9) 

where g : X^ — >■ X^ is the left translation by g and {[(j)])* is the isomorphism in fundamental 
groups of X^ induced by the morphism [(/)] from x'^j to y'j^. Then M is an equivariant local 
coefficient system on X . 

The following discussion gives a generic example of equivariant local coefficient systems on 
a G-connected G-simplicial set X having a G-fixed 0-simplex. 

Suppose that w is a G-fixed 0-simplex of X and M is an equivariant local coefficient system 
on X. For any subgroup H of G, let vh be the object of type H in nX defined by 

VH ■■ G/H X A[0] ^ X, 
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(eiJ,Ao)^«. 

Then for any morphisni g : G / H — >■ G j K in Oq given by a subconjugacy relation g~^Hg C K, 
we have a morphism [5, fc] : vh vk in ttX, where fc : G/if x A[l] — > X is given by 
k{eH, Ai) = sqW- 

Define an abelian Oc-group Mq : Og ~^ Ab by Mq{G/H) = M{vh) and Mo(?) = ^^[g, fc]- 
The abehan Oq group A/q comes equipped with a natural action of the Og group ttX as 
described below. 

Let a —[(}>] € 7T_X{G/H) — tti{X^ ,v). Then the morphism [id, (/>] : vh —¥ vh where 
4>{eH, Ai) — (f)(Ai), is an equivalence in the category t:X. This yields a group homomorphism 

b : Tri{X^ ,v) ^ Aut^x {vh ) , a — [<!>] 1-^ b{a) — [id, (f)] . 

We remark that the composition of the fundamental group Tri{X^ , v) coincides with the mor- 
phism composition of nX, contrary to the usual notion of composition in the fundamen- 
tal group. The composition of the map b with the group homomorphism AutjrxivH) ^ 
AutAb{M{vH)) which sends a S AutTrx{vH) to [M{a)]~'-^ defines the action of 7ri(X^,w) on 
Mo(G / H) . It is routine to check that this action is natural with respect to morphism of Og- 
Conversely, an abelian Oc-group Mq, equipped with an action of the Oc-group nX, defines 
an equivariant local coefficient system M on X as follows, where X is G-connected and v £ X'^ 
a fixed 0-simplex. 

For every object xh of type H, define M{xh) — Mo{G/H). To define M on morphisms, we 
choose a 0-simplex, say x, from each G-orbit of Xq and an 1-simplex uj^ to fix a morphism [cj^] 
from w to a; in ttX^" . For any other point y in the orbit of x, we fix the 1-simplex tUy — guJx, 
where y = gx. Clearly, [uJy] is a morphism in X'^" , from v to y. Observe that if a; G X^ for a 
subgroup H of G, then \uJx] is also a morphisni in ttX^ from v to x, a.s H Gx- 

Suppose Xh yj^ is a morphism in ttX. Then by Remark 13. 4| we have a morphism [(j>] 

from x'jf to gy'j^ in nX^ . Define Af([g, 0]) as the following composition 

MoiG/K) Mo{G/H) ^ Mo{G/H), 

where a £ tti{X^,v) is 

a composition of morphisms in ttX^ and the second arrow denotes the inverse of the given 
action of [a] on Mq{G/H). A straightforward verification shows that M is an equivariant local 
coefficient system on X. 

Next we introduce the notion of twisting in the equivariant context. We recall the notion 
of twisting function on a simplicial set [12] . 

Definition 3.7. Let B be a simplicial set and F a group complex. Then a graded Junction 

K : B > 7, Kq : Bq ^ Tq-l 

is called a twisting function if it satisfies the following identities: 

9oK(6)) = {Kg-l{dob))-'Kq.l{dlb), b e Bq 
di{Kq{b)) ^ Kq-l{d.i+lb) i > 
Si{Kq{b)) = Kq+l{Si+lb) i>0 

Kg+i(so6) — Cq, Cqbeing the identity of the group Tq 
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Definition 3.8. Let B be any OG-simplicial set and T be an Oc-group complex. Then an 
Oc-twisting function is a natural transformation k : B ^ T such that k(G/H) ~ {k{G / H)n} 
is an ordinary twisting function on B{G/H) for all subgroups H of G. 

Example 3.9. Let X be a G-connected G-simplicial set and v be a G-fixed 0-simplex in X . Let 
nX : Og — > Grp be the Oc-group as defined before. We regard t^X as an Oa-group complex 
in the trivial way, that is, tt_X{G/ H)n = t£X{G/H) for all n. We choose a 0-simplex x on 
each G-orbit of Xq and a 1-simplex G X'^'' such that daUJx = x,diUJx — v. For any other 
0-simplex y on the orbit of x we define LUy guj^ if y ~ gx. Then it is easy check that this is 
well defined and ujy £ xf^. For a 0-simplex x G X^ , let (a;) = [uJx] be the homotopy class 
ofuj^ : A[l] — > X". Define 

{K(G/H)^}:X''^7r,{X'',v) 

by 

K{G/H)n{y) := Ch(9(o.2,--- ° [%,••• ° ,n)y) 

where y G (X^)„. It is standard that k(G / H) is a twisting function on X^ . We verify that 

K : $X — >nX, G/H ^ k{G/H) 

is natural. Suppose H and K are subgroups such that g^^Hg C K. Let z G X^ . Then 
y = gz £ . Observe that if Xi,X2 G X^^ are 1-simplexes such that aTf ~ x^, as simplicial 
maps into X^ then y^ c:^y^ as simplicial maps into X^ where yi = gxi, i = 1,2. Thus 

n{G/H),,o<^X{g)(z) 

= K{GlH)^{y) 

^ Ch(9(0,2,- .n)yy^ O [9(2.,- ,n)y\ ° Cff (^(l,- .n)^) 

= ^H{gdi^0,2, .. ,n)Zr^ O [5^(2, ■■■ ,n)Z] ° Cff (ff^Cl,--- ,n)z) 

= 3^^(5(0,2,- ,n)Zy^ ° g[d{2,.. ,n)z] O g£,K{d(l,... ^n)z) 

= %X{g) o n{G/K)n{z). 
Thus K : ^X — > nX is an Og -twisting function. 

4 Equivariant Simplicial Cohomology with 
Local Coefficients 

In this section, we define a simplicial version of Bredon-Illman cohomology with local coeffi- 
cients (cf. |13j ) and give an alternative description of this cohomology via the notion of twisting 
as introduced in the last section. 

Let X be a G-simplicial set and M an equivariant local coefficients system on X. For 
each equivariant n-simplex a : G/H x A[n] —5- X, we associate an equivariant 0-simplex an '■ 
G/H X A[0] ^ X given by 

an = cr o {id X ^(i,2,--- ,n), 
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where (5(i,2,- - ,n) is the composition 

%,2,..,„):A[0]^A[l]^.-.^^A[n]. 

The j-th face of cr is an equivariant (n — l)-siniplex of type H, denoted by a^J\ and is defined 
by 

cr*^^^ = a o (id X Sj), < j < n. 

(1) 

Remark 4.1. Note that — an for j > 0, whereas 

Cr^' = (T O {id X (5(o,2,---,«))- 

Let Cq{X; M) be the group of all functions / defined on equivariant n-simplexes a : G/H x 
A[n] — ?> X such that /(cr) G M{(Jh) with /((t) = 0, if ct is degenerate. We have a morphism 
cr, = [id, a] in ttX from cr// to crj^^ induced by cr, where a : G/i/ x A[l] — > X is given by 
a = cr o {id X 6(2, ■■■ ,n))- Define a homomorphism 

6 : C2;{X;M) ^ C^+\X;M) 

where for any equivariant (n + l)-siniplex a of type H, 

{Sf){<j) = Af(a,)(a(")) + Ej±i(-l)-'/(a(^)). 

A routine verification shows that S oS = 0. Thus {Cq(X; M),6} is a cochain complex. We are 
interested in a subcomplex of this cochain complex as defined below. 

Let ?7 : G/H x A[n] X and r : G/Kx A[n] X he two equivariant n-simplexes. Suppose 
there exists a G-map g : G/H — > G/K, g^^Hg C K, such that t o (g x id) = rj. Then rj and r 
are said to be compatible under g. Observe that if rj and r are compatible as described above 
then rj is degenerate if and only if r is degenerate. Moreover notice that in this case, we have 
a morphism [g, k] : rjn — >■ tk in ttX, where k = rju ° {id x ctq), where ctq : A[l] — > A[0] is the 
map as described in Section 2. Let us denote this induced morphism by g^. 

Definition 4.2. We define S'q{X]M) to he the subgroup of Cq{X; M) consisting of all func- 
tions f such that if rj and r are equivariant n-simplexes in X which are compatible under g then 
f{r,)^M{g.){f{T)). 

Proposition 4.3. If f e S2;{X;M) then Sf £ S'5+^(X;M) 

Proof. Suppose ?7, r are equivariant {n + l)-simplexes of type H and K respectively, which 
are compatible under g : G/H — > G/K, g~^Hg C K. Then the faces r]^^^ and r^^' are also 
compatible under g for all j, < j < n + 1. Moreover, the induced morphism g^ : r/^ — y r]^ 
is the same as the induced morphism g^ : tjh — ^ tk for j > 1 (cf. Remark 14. ip and the 
compositions 

ri, (0) g* (0) -I g* T, (0) 
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are the same. Thus 

M{g.){6f{T)) = M{g.)M{T.)f{r^^^) + i:]+l{-iy M{g.)f{T^^)) 
= M{rj.)M{g,)fiT^°^) + S7+i(-l)^M(ff.)/(r«)) 
= M(r?.)/(77W) + S^+i(-l)V(r?(^'') = Sf{v). 

□ 

Thus we have a cochain complex Sg{X] M) = M), 6}. 

Definition 4.4. Let X he a G-simplicial set with equivariant local coefficient M on it. Then 
the n-th Bredon-Illman cohomology of X with local coefficients M is defined by 

H^{X;M) = H^{Sg{X;M)). 

Next, we introduce equivariant twisted cohomology and estabhsh its connection with 
Bredon-Illman cohomology with local coefficients. 

Let X be a G-simplicial set having a G-fixed 0-simplex v. Suppose Mq is any given abclian 
Oc-group equipped with an action </> : tt x Mq — > Mq, of an Oc-group n. We regard tt as 
a trivial O^-group complex. Let k : $X — > tt be a given Oc-twisting function. We define 
equivariant twisted cohomology of X with coefficients Mq and twisting k as follows. 

We have a cochain complex in the abclian category Cg defined by 

G„(X) : Og ^ Ab, G/H ^ G„(X«; Z), 

where G„(X^; Z) denotes the free abclian group generated by the non-degenerate n-simplcxcs 
of X^ and for any morphism in Og, g ■ G/H — >• G/K, g~^Hg C K, C_^{X){g) is given 
by the map 5* : G„(X^;Z) — >■ G„(X^;Z), induced by the simplicial map g 
The boundary (9„ : G„(X) — ;> C_„_i{X) is a natural transformation defined by dn{G/H) : 
Cn{X^;Z) — >• G„_i(X^;Z), where dn(G/H) is the ordinary boundary map of the simplicial 
set X^ . Dualising this chain complex in the abelian category Cg we get the cochain complex 

{Ch{X; Mo) = Homca Mq), (5"}, 

which defines the ordinary Bredon cohomology of the G-simplicial set X with coefficients Mq. 
To define the twisted cohomology of the G-simplicial set X we modify the co-boundary maps 
as follows 

5^ : Ga(X; Mo) -> C^+\X- Mq), / ^ S^f 

where 

51! {G/H) : G„+i(X^;Z) ^ Mo(G/F) 

is given by 

5lf{G/H){x) = {K{G/H)r,+^{x))-^f(G/H){dQx) + Y.'^+^{-irf{G/H){d,x) 

for X e X^j^T^. Note that the first term of the right hand side is obtained by the given action 
(j). We denote the resulting cochain complex by Cq{X; k, 0). 
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Definition 4.5. The n equivariant twisted cohomology of X is defined by 

Remark 4.6. We remark that this definition of twisted cohomology makes sense when $X is 
replaced by any Oc-simplicial set. 

Suppose X is a G-connected G-simplicial set with a G- fixed 0-simplex v. Let M be an 
equivariant local coefficients system on X and A/q be the associated abelian Go-group equipped 
with an action of the Oc-group tt_X as introduced in Section 2. Let k be the Oc-twisting 
function on as introduced in Example 13.91 

Theorem 4.7. With the above hypothesis 

H^iX;M)^H'^{X;K,,p) 

for all n. 

Proof. Define a cochain map 

S*a{X;M)^C*a{X;K,<l>) 

as follows. Let / £ Sq{X;M) and y G {X^)n be non-degenerate. Let a be the unique 
equivariant n-simplex of type H such that a{eH, A„) = y. Then 

^'"(/)(G/i/) : C„{X") ^ Mo{G/H) 

is given by 

vI/"(/)(G/i/)(y) = Af (6^^(9(1,.., „)2/))/(a)). 

To check that *"(/) G Gg(X; n, </>), suppose g^^Hg C K. Note that if z e X^ and y gz, 
then 2/ G Moreover, if a be as above and r denotes the unique equivariant n-simplex of 

type K such that T{eK, An) = z, then the equivariant n-simplexes a and r are compatible 
under g. As / S Sq{X; M), we must have /(a) = M{aH TK)f{T). Therefore by definition 
of 4'" we have 

vI'"(/)(G/i/)(y) = M{VH '^"^'"'^'• •'""^ 

= M{vH > (TH)M{aH — > tk)j{t). 

On the other hand, 

Mo(.9)*"(/)(G/i^)(z) - Afo(,g)M(«K - rK)/(r). 

Recall that Afo(5) = Af([5,fc]), where fc : G/H x A[l] — ^ X is given by k{eH,Ai) = sqw and 
note that 

o 6^^(9(1,... ,„)y) = ,„)2;) o [g, fc] 

as composition of morphisms in ttX. Thus G Cq{X\ k, (f). 



12 



To check that ^* is a cochain map, let / G Sq{X; M), y G X^_^_i and let a be the equivariant 
(n + l)-siniplex of type H such that a{eH, A„_|_i) = y. Observe that the i-th face cr^*^ is such 
that a^^\eH, A„) = diy. Thus by the definition of the twisted coboundary we have 

6{^-{mG/H){y) 
=n{G/H){y)-H-{f){G/H){doy) + sr=i'(-l)'*"(/)(G/if)(9.y) 
=/c(G/i7)(y)-iM(6eH(a(i,.. ,„)5oy))/(a(°)) + SlL\\-l)^M(&f^(9(i,.. ,„)9,y))/(a« 
=>i{G/H){y)-Hl{h^H(d(,,... ^^)d^y))f{cT^''^) + 

Note that = i9(i,... ,n)diy for i > 0. 

On the other hand, 

vI/"+i(5/)(G/i7)(y) 

=M{vn anm){y) 

Therefore we need to compare the first two terms on the left hand side of the above two 
expressions. By the definition of the action of ttX on Mq and by Example 13.91 we have 

i^{G/H){y) M{vH ><^h) 

=^'^(&G^(5(o,2,... ,n+i)2/) o b[d(^2. - .n+i)y] ° ,„+i) y))M(6^H ((9(i, . . . ,n)doy) 

=M{b^H{d(l,... .n)doy) O bQ^ {8(^0.2,- ,«+l)2/) ° &[9(2.-- ,n+i)y] o b^H{d(l^... ,n+i)y)) 

=M(&[9(2,... ^n+i)y] ° ,„+!)?;)) 
=M{b^H{dii,..,n+i)y))Mia,). 

Observe that c)(o.2,- - ,n+i)y = c^(i,2.- - .n)c'oy. Hence ^* is a cochain map. 
Next we define a map 

T* ■.C*a{X;K,^)-^S*a{X;M) 

as follows. Let / e Cq{X; K,(p) and cr : G/i/ x A[n] ^ X be a non-degenerate equivariant 
n-simplex of type H. Let y ~ (j{eH^ A„). Define 

r"(/)(a) M{aH -"'"^ i;H)/(G/i/)(j/). 

To show that r"(/) e >S'q(X; M), suppose g~^Hg C iiT, and a, r are non-degenerate equivariant 
n-simplexes in X of type H and K respectively, such that a and r are compatible under 
g : G/H — > G/K. Let z = T{eK, A„). Then y = gz. Note that 

Mian ^ rK)(r"(/)(r)) 

^M{aH ^ tk)M{tk '^^ '''''' VK){f{GIK){z)) 
^M{bCK\d(,^... ,„)z) o g,){J{G/K){z)) 



13 



and 

r"(/)(a) = M{aH '^"^'"'''•••'""^ VH).f{G/H){y). 
But by naturality of / we have f [G / H){y) = MQ{g)f{G/K){z), moreover, 

b£,K{d{i,... ,n)z) ° [g, fc] = o b^H{d{i.,.. ,„)y). 

Hence r"(/)(cr) = M{g^)r"{f){T). Thus r"(/) G M). It is straight forward to verify 

that ^* and T* are inverses to each other. This completes the proof of the theorem. □ 

5 Classification 

The aim of this last section is to prove a classification theorem for simplicial version of Bredon- 
lUman cohomology with local coefficients as introduced in Section 4. We first prove a clas- 
sification theorem for equivariant twisted cohomology of a G-simplicial set, generalizing the 
corresponding non-equivariant result [lOj . We then use the isomorphism in Theorem 14.71 to 
deduce the desired result. 

Recall that twisted cohomology or cohomology with local coefficients of any simplicial set 
is classified by the so called generalized Eilenberg-MacLane complexes [TUJ [UJ [3] . We note that 
the construction of the standard generalized Eilenberg-MacLane complex is functorial. This 
motivates us to introduce the notion of Oc-generalized Eilenberg-MacLane complex and use 
it to prove the classification theorem. We first recall the notion of a generalized Eilenberg- 
MacLane complex [8j. 

For any abelian group A and any integer n > 1, let K{A,n) be the standard Eilenberg- 
MacLane complex. Recall that K{A, n) can be described as a simplicial abelian group in 
the following way. Consider a simplicial abelian group C{A,n) with g-simplices C{A,n)q — 
C"(A[(7]; A), the group of normalized n-cochains of the simplicial set A[q]. For /i £ C"'{A[q]; A), 
difi and Sj^ are defined by 

di^i{a) = ^l{S^{a)), Sjfi{/3) = ^i{(Jj{l3)) 

for any n-simplex a e A[(7 — 1] and for any n-simplex /? G A[(7 -I- 1] respectively, where 5i : 
A[q — 1] — y A[q] and aj : A[q + 1] — > A[q] are the simplicial maps as defined in Section 2. 
We have a simplicial group homomorphism 

(5" : C{A,n) C{A,n + l) 

defined as follows. For c G C{A,n)q, S^^c G C{A,n + l)q is the usual simphcial coboundary. 
Then 

K{A,n)q = Ker 5" = Z"(A[g];^) 

the group of normalized n-cocycles. Suppose tt is any group which acts on A, the action being 
given hy (p : TT — > Aut{A). Then tt acts on K{A,n) in the following way. For a E tt and 
/i G K{A,n)q, afi :— (j){a) o/i. Let Wit denote the standard free acyclic complex corresponding 
to the group tt. Then a model for the generalized Eilenberg-MacLane complex of the type 
{A, n, (j)) is 

L^{A,n) = {K{A,n) x Wtt)/tt 
where we quotient out by the diagonal action. 
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Remark 5.1. 1. Let Wit — > Wtt be the universal ir-bundle JJ^ and k{tt) : Wtt — > vr be 
the canonical twisting function 

K(7r)([gi,52,--- ,gq]) =gi- 
Then recall Jldf that Lj^^A^n) can be viewed as a TCP fl^ 

K{A,n) x^i^^^Wtt ^Wti. 

2. Suppose (j4, 0) is a ir-module and {A\(j)') is a t:' -module. Moreover, suppose that a : 
TT — > tt' is a group homomorphism. View A' as a n-module via a. Then any ir-module 
homomorphism f : A — > A' induces a map 

U:K{A,n) x ^^^^Wn ^ K{A' ,n) x^^^r^Wir' 

in the obvious way. 

By the Remark 15. 11 we have an Oc-Kan complex as described below which plays the role 
of the classifying space in the present context. 

Let TT be an Oc-group and Mq be an Oc-abelian group equipped with an action : tt x 
Mo — > Mq. Then by the above description we have an Oc-simplicial differential graded 
abelian group {C(Mo,n)} where 

(C(Mo, n){G/H))g = C"(A[g]; Mo{G/H)) 

for every object G/H of Og and G{Mo,n){g) is induced by Mo{g) for every morphism g : 
G/H — > G/K. We denote by K{Mo,n) = Ker{6" : C(Mo,n) — > C(Mo,n + 1)) the corre- 
sponding Oc-simplicial abelian group. Note that K{Mo,n) is an Oc-Eilenberg Maclane com- 
plex. Similarly, let Wtt denote the Oc-Kan complex defined by Wn{G/ H) = Wtt_{G/H) for 
every objects G/H & Og and with the obvious definition of W-K^g) induced by ■n_{g) for a mor- 
phism g : G/H — > G/K in Og. Note that we have an Oc-twisting function k{-k) : Wtt_ — > tt, 
given by k{]L){G/ H){[gi, g2, ■ ■ ■ ,9q]) — 9i- By Remark |5.1[ we have the following Op-Kan 
complexes. 

X^(Mo,n) G{Mo,n) x^(^) Wn 

and 

L4Mo,n) ■.= K{Mo,n) x,(^)W^. 
We have natural projections onto the second factor 

x4Mo, n) A W^, L^{Mo, n) A Wn 
and we view these Oc-Kan complexes as objects over VFtt. 

Definition 5.2. We call the OG-Kan complex L^{MQ,n) the generalised OG-EHenberg 
MacLane complex. 

We shall need the following Lemma. 



15 



Lemma 5.3. For a subgroup H of G and an integer q > consider the G-sim,plicial set 
G/H X A[(j']. Let Mq be an abelian Oq- group with a given action of an Og- group n. Let 
K : ^{G/H X A[q]) — > n be a twisting function. Then there is a cochain isomorphism 

: C*a{G/H x A[q];K,cf>) ^ C*{A[q];Mo{G/H}) 

which is natural with respect to morphisms in Og- 

Proof. Let / G Gq{G/H x A[g]; «,</>) and a € A[g]„ be non-degenerate. Suppose a = 
(ao) • • • , cKn) where < ao < ai < • • • < a„ < Note that / : C^{G/H x A[g]) — > Mq is a 
natural transformation. Define 

E^{f){a) = KiG/H)ieH,iO,ao))-'fiG/H)ieH,a). 

Observe that (eiJ, (0, ao)) and {eH,a) are respectively an 1-simplex and an n-simplex in 
{G/H X A[q'])^ and the right hand side of the above equality is given by the action of]i{G/H) 

on Mo{G/H). 

To check that is a cochain map, let / G Gq~^{G/H x A[q];K, 0) and a = {ao, ■ ■ ■ , an) G 
A[g]„. Then 

E'/i{6J){a) 
=K{G/H){eH, (0, ao))-\S,f){G/H){eH, a) 
=K{G/H){eH, (0, ao))-Hi^{G/H){eH, a)-'f{G/H){do{eH, a)) 
+i:U{-'^yf{G/H){di{eH,a))}. 

On the other hand, 

8{El-'f){a) 
=El^,E"^-\fMa) 

=K{G/H){eH, (0, a^))-^f{G/H){eH, d^a) 
+^U{-'^y<G/H){eH, (0, ao))-^f{G/H){eH, dta). 

Note that di{eH, a) = {eH, dta). Therefore E"^ will be a cochain map provided we show that 

K{G/H){eH, a)K{G/H){eH, (0, ao)) = K{G/H){eH, (0, ai)). 

We may assume that ao ^0, for if ao = 0, then by the property of twisted function 

K{G/H){eH, (0,ao)) = K{G/H){so{eH, (0))) = bh, 

the identity of ti{G/H). Moreover, 

K{G/H){eH, (0,ai)) 
=K{G/H){d^2,-,n){eH,a)) 
=9(i,..,„_i)K(G/F)(eif,a) 
=K{G/H){eH, a). 
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The last equality holds because all the face maps of the group complex TriG/H) are identity. 
So suppose ao ^ 0. Now observe that a = do(3 where /3 = {0,ao,--- ,a„) G A[g]„+i. So 
K{G/H){eH,a) = K{G/H){do{eH, l3)). Furthermore, 

K{G/H){eH, (0,ao)) = K(G/if)(5(2,..,„+i)(ei/,/3)) = KH^eH,^). 

Therefore 

K{G/H){eH, a)K{G/H){eH, (0, ao)) 
=K{G/H){do{eH, l3))n{G/H){eH, /3) 
=K(G/H){eH,drp) 

Now note that diP = (0, ai, a2, • • • , Qn)- As a consequence, 

K{G/H){eH, (0,ai)) = K(G/ir)(5(2,.. ,„)(eif, ^i/?)) = n{G/ H){eH,di^). 

The inverse 

: C*(AM;Mo(G'///)) ^ x A[g]; 

is defined as follows. Suppose c e C"(A[g]; Mo(G/iI)). Then 

/ = {E*h)-\c) : C„(G/i/ X AM) ^ Mq 

is given by 

f{G/K){{a,a)) = Mo{a){n{G / H){eH , (0,ao))c(a)) 
for any object G/K in Oq and for any n-simplex (a, a) in {G/H x A[g'])^, where 

a = (ao, • • • , «„) with < ao < Q^i < " " ■ < O'n ^ 9- 

Observe that 

a e (G/iJ)^ = HomG{G/K,G/H) = moroa{G / K,G / H). 

To prove the last part, suppose g : G/H — > G/K, g~^Hg C iv", is a morphism in Og- Let 
k' : ^{G/K X A[q]) — > TT be an Oc-twisting function. Let k = <I>(g x id)K' be the twisting 
function induced by the G-map g x id : G/H x IS.\q\ — > G/K x /S.[q\. Let 

{g X id), : C^{G/K x A[g]; «',</.) C^{G/H x A[g]; «,</.) 

be the cochain map induced by 5 x id and let 

Mo{g). : C*{A[q];Mo{G/K)) C* {A[q]; Mo{G / H)) 

be the map induced by the coefficient homomorphism Mo{g) : Mq{G/K) — > Mq{G/H). We 
need to verify that 

M^{g),oE*K^E*Ho{gxidy. 

Let / € Cq(G/K X A[g]; k', 0) and a = (ao, • • • , a„) be a non-degenerate n-simplex in A[q]. 
Then 

Mo(5)n o £^(/)(a) = Mo(5)(K'(G/i^)(ei^, (0, ao))" V(G/i^)(ei^, a)). 
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On the other hand, 

Elo{gx idnf){a) 

=K{G/H){eH, (0,ao))-'((5 x id)n{mG/ H){eH,a) 

=n{G/H){eH, {0,ao))-\f(G/H){g x id){eK,a) 
=K'{G/H){gK, {0,ao))-H'Io{g).f{G/K){eK,a) 
=Mo{g){n'{G/K){eK, (0, a^))-^ f{G/K){eK, a)) 

By the naturahty of / and the twisting function n' . Hence the above equahty holds. □ 

Suppose X is a G-simplicial set. As before, Mq stands for an abelian Oc-group with a 
given action of an O^-group tt. Let k : $X — > tt be a given Oc-twisting function and 

«;(7r) : Wti — > w 

be the Oc-twisting function 

K{Tr){G/H){[gi,g2,--- ,gq])=gi- 
We have a natural map 9{k) : $X — > Ww defined as follows. 

Wn{G/H)g, 

X ^ [K{G/H)g{x),K{G/H)g_i{dox),- ■ ■ ,K{G/H),{d^-\)]. 

Note that k{tt) o 9{k) = k. Let (<I>X, X0(Afo, n)) denote the set of all liftings of the map 9{k) 
under p. Clearly X0(Mo,n)) has an abelian group structure induced fibre wise from 

that of the cochain group. Note that we have coboundary 

C(Mo,n) x,(^) Wn f^^i^ G{Mo,n + 1) x,(^) Wn. 
If we write f{G/H){x) = {c,g) where 

X e , c G C"(AM; Mo{G/H)), g e WniG/H),, 
then x«(^) id)f{G/H){x) = {S''c,g). Thus 

x0(A^o,n)),<5" x«(^)id} 

is a cochain complex. 

Theorem 5.4. There is a cochain isomorphism 

: x<p{Mo,*)){S x,(,) id)} - {C*g{X;k,<I>),6,}. 

Proof. Suppose / £ {^X, X0(Mo,n)). Then ^'"/ : (Z^^X — > Mq is a natural transformation 
defined as follows. Let G/H be any object in Oq and x G X^ . Suppose 

f{G/H){x) = icg), c e G^{A[n];Mo{G/H)), g e (W7r(G/if))„. 



18 



Then ^'^f{G/H){x) = c(A„). The naturahty of ^'^f follows from the that of /. The assign- 
ment / H- >■ defines the homomorphism ^f". 

To check that ^* is a cochain map, we compute ^'"+^ x ^(^j id)f. As before for x e , 
if f{GlH){x) - (c,.9), c e C"(A[n + 1]; Mo(G/if)), g G (#7r(G/if))„+i, then x«(^) 
id)f{G/H){x) = {S''c,g). Therefore 

*"+'('5x,(^) id)f{G/H){x) 
=5c(A„+i) 

=SJLV(-l)^c(aiA„+i)- 
On the other hand, (5«(^'"/)(G/iJ)(x) 

= K{G/H)n+i{x)-^^^f{G/H){dox) + S^+ii(-l)^*"/(G'/if)(aia;). 
Since f{G/H) is simplicial we have 

f{G/H){dox) = dof{G/H){x) = {K{7L){G/H){g)doc,dog), 
by the definition of the face map do in X4'{Mo,n){G/H). Therefore 

*"/(G/if)(aox) = K{K){G/H){g)doc{An) 

Now observe that 

g=p{G/H)f{G/H){x) = 6{k){G / H){x). 
As a consequence, k{-k){G / H){g) = K{G/H)n+i{x). Thus 

K{G/H)r,+i{x)-^^^f{G/H){dox) = aoc(A„) = c(,5o(A„)) = c(ao(A„+i)). 

Similarly, for i > 0, 1'"/(G/i7)(a,.T) = 9,c(A„) = c((5,(A„)) = c(5iA„+i). Therefore 

<5«(vl/"/) = M/"+i((5" x,(^) 

Hence ^' is a chain map. 

Conversely, we define a homomorphism 

in the following way. Let 

T G GS(X; K, </.) = HomcAC^iX), Mo). 

To define r"T : — > x^(Mo,n), note that for any subgroup H of G and x G X^, 

r^T{G/H){x) G G"(A[g];Mo(G/if)) x (W7r(G/if))q 

with 9{k){G/H){x) as the second component, as r"T has to be a lift of 6{k). To determine 
the first component of r'^T{G/H){x) note that the G-simplicial map a : G/H x A[g'] — > 
X, a{eH, Ag) = x induces 

a* : C*a{X- «, 4>) C*a{G/H x A[g]; <^). 
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Using the isomorphism of Lemma 15. 3[ we define 

r"T{G/H){x) = {Ela*{T),e{n){G/H){x)). 

Suppose g : G/H — > G/K, g^^Hg (Z K \s any morphism in Og- Let y G and x = gy. 
Suppose T : G/K x /S.[q\ — > X is the G-simphcial map with T{eK,lS.q) — y. Then the G- 
simphcial map a ~ t o (^g x id) corresponds to x. Clearly (g x id)* or* — cr* , where 

[g X td)* : C*a{G/K x A[g];«$y,0) G*g{G/H x A[q]; K<i>x,cb) 

is induced by g x id. This observation along with the naturality of E'^, imply that r"T is a 
natural transformation. It remains to prove that F* is the inverse of ^f*. 

Let / e Cg(X; k, 0). Then *"r"(/) = /. For if iJ C G, x G and a be the equivariant 
n-simplex of type H with a{eH, A„) = x then 

vI/"F"(/)(G/i7)(x) 
= £;;^(a*/)(A„) 

= {K^a{G/H){eH, (0, 0))}-i(a*/)(ei/, A„) 
= {K^a{G/H){so{eH, (0)))}-' f{G/ H){x) 
= eHf{G/H)ix)=f{G/H){x). 

The last two equalities follows from the properties of the twisting function k$(T. It follows that 
^'"F" = id. 

Next we prove that F"*"/ = / for / : $X ^ X4>{Mo,n), a lift of 6I(k). Let iJ C G and 
X G . Let (T : G/H x A[q] — > X be the equivariant simplicial map such that a{eH, Aq) = x. 
Then by the definition of F* we have 

r-^'\f)iG/H){x) = iE^a*{^-f),e{K){G/H)ix)). 

On the other hand, since / ; ^X — > x^C-^^o,"-) is a lift of f{G/H){x) — {c,u), where 

u = 0(k)(G/H){x)), for some cochain c G G"(A[g]; Mo(G/iJ)). We show that c = £;^(t*(*"/). 
Let a = {uq, ■ ■ ■ , q;„) G A[(;] be a non-degenerate n-simplex. Then 

" = 5(il,i2,---,i,-,>)^9 

where < ii < 12 < • ■ • < iq-n £ 9 and 

{ao, • ■ • a„, ii, • ■ • , ig-„} = {0, 1, 2, • • • , q}. 

Then 

^n{G/H)i<^a{G/H){eH, (0, ao))~V*(*"/)(G/i/)(ei?, a) 
^K{G/H)i<fa{G/H){eH, (0, ao))-i^''7(G/i/)(cT(ei/, a)) 
=K(G/i/)i<&a(G/i/)(eff, (0, ao))-i*'7(G/i/)(%,.,,.. ,^,_„MeH, A,)) 
=K(G/i/)i<&a(G/i/)(eff, (0, ao))-i(vI'"/(G/i/)(%„,,,.. ,,,_„)x). 
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Suppose ao = 0. Then properties of a twisting function imply 

K^a{G/H){eH, (0,ao)) = eH. 
Moreover, as f{G/H) is simplicial we have 

=%,..., i,_„)/(G/i?)W 

=%i-,»,-„)(c,m) 

= (%i...,*,_„)C,%,...,i,_„)W). 

Note that since qq = 0, i\ is greater than zero. Therefore by the definition of 4'* 

=^'"/(G/7I)(%„,,,..,i,_)a;) 

= %,i2,-,i,-™)C(A") 

=c(%i,i2,-,i<,-.)^n) 

=c(a) 

On the other hand if ao 7^ then we must have io = and therefore 

/(G/if)(%,..,,,_„)x) 

=9(o,i2,...,i<,_„)(c,w) 

=9o(%,... ,i,_„)C, %2,... 

=(K(7r)(G/if)(%,,... ,i,_,)u)a(o,i„... ,i,_,)C, a(o,i„... ,i,_„)w), 
by the definition of 9o in a twisted product. Thus using the definition of we get 

,,,_„)a;) = «(7r)(G/if)(%,.. ,i^_^)u)d^o,i.,.. ,,,_)c(A„). 

Now observe that 

=«(^)(G///)(%,.. ,,,_„)f?(«:)(G/i/)(<i>a)(G/i/)(ei/, A,)) 
=«(^)(G/i/)0(Ac)(G/i?)$a(G/iJ)(e7J, ,,_„)A,) 
=n{G/H)n+i^G{G/H){eH, (0, ao, • • • , 
=K(G/i?)i$(T(G/i/)(e//, (0, ao)). 

The last equality holds because ^a{G/H) is a simplicial map, 

(0, ao) = 9(2,... ,n+i)(0, ao, • • • , ««) 

and all the face maps of the group complex t£{G/H) are identity maps. 
Therefore 

E%{a*{^"f)){a) = a(o,,,,..,,,_„)c(A„) = c{a). 
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Consider the Oc-twisting function 

n{lL)P ■ X<t>{Mo,n) — > TT. 

By Remark |4.6[ the twisted cochain complex Cq(x0(Mo, n); K(7r)p, 0) makes sense. We define 
a cochain 

u £ CS(x0(Afo,n);K(7r)p,0) = iJomc^ (C„(Q(x0(Mo, n)), Mq)) 
as follows. For an object G/H in Oq, 

u{G/H) : C„(x0(Afo,n)(G/i/) ^ AUG/H) 

is given by u{G/ H){{c, g j) ~ c(A„) where 

(c,5) e {x4>{Mo,n){G/H)n - C"(A[n]; A./o(G/i7)) x,(^)^ 

and u{g) is induced by Mo{g) for any morphism g : G/H — > G/K, g^^Hg C K. It is easy to 
check that u as defined above satisfies the required naturality condition and hence is a cochain. 

Definition 5.5. We call the cochain u G C'Q(x0(Afo, n); K(7r)p, 0) the fundamental cochain. 

Remark 5.6. Suppose f £ {^X, X0(Mo,n). Then for any object G/H in Oq, 

fG/H) : X" ^ C"(A[-];Mo(G/i/)) y<.(.),G/H) {WJ,G/H)) 

induces a cochain map f{G/H)* from the cochain complex 

C*(G"(Ah];Afo(G/i/)) x^^^^^g/h) We{G/H); Mo{G/H)) 

to the cochain complex C*{X^ ; Mo{G/H)) and hence 

f{G/HYu{G/H) e G^{X";M„{G/H)) = Hom{C,,{X"),Mo{G/H)). 

Therefore for any x £ X^ , 

f{G/Hru{G/H){x) = u{G/H){f{G/H){x)) = u{G/H){c,g) = c(A„). 

Thus W"{f){G/H){x) = f{G/H)*u{G/H){x). Hence W'f = f*{u), the pull-back of the fun- 
damental cochain u by f . 

Corollory 5.7. For every n, 

r":Ga(X;K,0)^(<i>X, X4>iMo,n)) 

restricted to cocycles induces isomorphism 

ZS(X;«:,<^) - L^{Mo,n)). 

Definition 5.8. Suppose f, g & {^X, L^{MQ,n)). Then f and g are said to be vertically 

homotopic if there is a homotopy F : f g of maps of OQ-simplicial sets (cf. Definition \2.8\) 

such that p o F = 9{k) o pri, where pri : ^X x A[I] — > ^X is the projection onto the first 
factor. 
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Proposition 5.9. Under the isomorphism 

/oi/i G ^^{-^'t'^) fl'^c cohomologous if and only j/r"/o,r"/i are vertically homotopic. 
Proof. Suppose /o, /i G Zq{X\ k, 0) are cohomologous. Then 

/o = /i + 

for some h £ Cq~^ {X; k, (j)). Let ki denote the Oc-twisting function obtained by composing 
K and the projection x A[l] — > $X. To show that r/o,r/i are vertically homotopic, it 
sufRces to find 7 G Zq{X x A[1];ki,0) such that «o(7) = /o and 11(7) = /i, where io,ii : 
X — i> X X A[l] are two obvious inclusions, because, in that case, the image of 7 under the 
isomorphism 

r : Z5(X X A[1];ki,,^) ^ ($(X x A[l]), L^iMo,n)) 

will serve as a vertical homotopy between F/q and T/i. 
Let 70 = _prJ/o <E Z^{X x A[l]; ki, 0), where 

K : '/')-> Q(^xA[1];ki,0) 

is the cochain map induced by the projection X x A[l] — > X. Clearly io(7o) — «i(7o) — fo, 
where ig, ii : Cq{X x A[1]; ki, 0) — >■ C^(X; k, 0) are the maps induced by «o and ii respectively. 
Regard h £ Cq~^{X; k, 0) as a cochain defined on ii{X) and we may extend it to a cochain 

/3eCS-i(Xx A[l];Ati,0) 

such that «o(/3) = 0, iK/S) = /i. Set 7 = 70 - S(3. Observe that 

*S(7) = *S(7o - - /o - ^.(zS/?) = fo, 

and similarly, 

h(7) = /o - ^k(h/3) = /o - (5^/1 = fi- 

Conversely, suppose r"/o and r"/i are vertically homotopic. Then they are homotopic in 
the sense of Definition 12.81 and so fo{G / H) and fi{G / H) are simplicially homotopic for 
any subgroup H oi G. As a consequence, 

r"/o(G/i/)* -r"7i(G/ff)*. 

Therefore by the Remark \5M /o = /i- □ 

Recall [5 that the category OaS of Oc-simplicial sets is a closed model category in the 
sense of Quillen ^5j. Moreover, recall that if C is an object of a closed model category C, then 
the category C IC, the category of objects over C has a closed model structure, induced from 
that of C (cf. page 330 [5]). In particular, the category OgS 4, Wn of objects over Wn G OgS is 
a closed model category. Consequently, the vertical homotopy of liftings of 9{k) to Lci,{Mo,n), 
viewed as abstract homotopy of morphisms of OqS X Wn, is an equivalence relation. 

From Corollarv 15 . 71 and Proposition [SiSl we obtain the following result. 
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Theorem 5.10. Suppose X is a G-simplicial set and k : <J>X j^is a twisting function. Then 



where right hand side denote the vertical homotopy class of lifting of the map 9{k). 

Suppose X is a G-connected G-simplicial set with a G-fixed 0-simplex v and assume that M 
a given equivariant local coefficients system on X. Let Mq be the associated abelian Oc-group 
equipped with an action cj) of the Oc-group tt = ttX. Let k be the Oc-twisting function as in 
Example 13.91 Then from the above theorem and Theorem 15.41 we obtain the following result. 

Theorem 5.11. Under the above hypothesis, 

W^{X-M) = [^X, L4Mo,n)]^, for all n. 
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